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ABSTRACT

In this note we will investigate the subgroup separability and double coset separability of

extensions of finitely generated nilpotent groups. We then apply our results to give new proofs that finite extensions
of finitely generated nilpotent group are subgroup separable and double coset separable.

ABSTRAK

In this note we will investigate the subgroup separability and double coset separability of extensions

of finitely generated nilpotent groups. We then apply our results to give new proofs that finite extensions of finitely
generated nilpotent group are subgroup separable and double coset separable.
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1.0 INTRODUCTION

In this note we will study two group theoretic
properties related to the solution of the Generalised
Word Problem, that is, subgroup separability and
double coset separability. More precisely we will
examine these two properties in extensions of finitely
generated nilpotent group. We then apply them to
give new proofs that finite extensions of finitely
generated nilpotent group are subgroup separable and
double coset separable. In general, finite extensions
of double coset separable groups are always double
coset separable. Our main results are contained in
Theorem 3.1 and Theorem 3.3.

We will begin our study with double coset
separability in Section 3. The notations used here are
standard. In addition the following notations will be

used for any groups. IV <3¢ G means &V is a normal

subgroup of finite index in {J.
2.0 PRELIMINARIES.

In this section we recall the definitions of subgroup
separability and double coset separability.

Definition 2.1.

A group i is called subgroup separable if for each
finitely generated subgroup M and for each
X E G\M, N < G such  that

x &£ MN.

there  exists
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Clearly a subgroup separable group is residually
finite. It is well known that free groups, polycyclic
groups (and hence finitely generated nilpotent
groups) and surface groups are subgroup separable
[1], [6], and [7]). Nevertheless very few other classes
of groups are known to be subgroup separable. On
the other hand, finite extensions of subgroup
separable groups are again subgroup separable.

Definition 2.2.

A group G is called double coset separable if for
each pair of subgroups K,M and for each pair of
elements %,y C v, such that x ¢ KyM, there
exists N <3¢ & such that x & K'yMN.

Clearly double coset separability implies subgroup
separability. Stebe [8] first showed that finitely
generated nilpotent groups are double coset
separable. This was extended by Toh [10] to finite
extension of nilpotent groups. The property of double
coset separability has been used extensively in the
study of conjugacy separability and the solution of
the Conjugacy Problem in generalized free products,
tree products and HNN extensions.[2], [3], [4], [5],

[91.
3.0 DOUBLE COSET SEPARABILITY.
In this section we prove that a finite extension of a

finitely generated nilpotent group is double coset
separable. We begin with the following theorem.
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Theorem 3.1.

Let G be an extension of a finitely generated
nilpotent group . Suppose x,v € G and KK,
are subgroups of H. If X & K, VK, then there
exists N <0 H  such  that N <G and
x & KyyK,N.

Proof. We use induction on the torsion free rank of
H. If H is finite, then N — {1} is the required
subgroup. Suppose H is infinite. Let 7 = Z (H) be
the center of H. Then Z™ is a characteristic
subgroup of {1 and Z™ <3 . By taking a suitably
large m, Z™ is a finitely generated free abelian
group.

Let G, = G/Z™ and H, = H/Z™. Then the
torsion free rank of H, m is less than the torsion free
rank of 1. If X & K, vK, for some m, then by the
induction hypothesis there exists N <p .. such
that N <0 Gy, and T € Ky yKaN. Let N be the

preimage of V. Then N is the required subgroup.

Suppose ¥ € K3 v, in G = G/Z™ for each m.
We shall show that this case does not occur. Now
from G; = &/Z, we have t = wyra for some
atd, WUEK, vEK, Note that
KivK; = KjuyvK,. Therefore we may assume
that x = ya. Now from each &, = G/ZM,
m = 2, we have

M ¥ = Uy YV,

Let S = gp{y " umyvyn} where wu,, € K., 1, € K,
mz2, are as in (1), ie, 5 is the subgroup
generated by the elements of the form _}"_lum ¥V
where w,, € K., 1, €EK,,m = 2 are as in (D). It
is not hard to see that § € Z, for from (1),
Y 'Uyyvm €Z. Now we will show that
(y_l“myvm)_l = 3’_1'l‘~r7tl3’vr;t.1- Let
Y upyvy =z for  some z E€Z.  Then
y lugly =271y, e,

y_‘l u1_nlyvr;zl =z 1= C}"_lumyvm)-l- This

implies  that (¥ lw,yv, ) 1 €S.  Therefore
v uryvin € 7 for £, =+1 and
(:)’_lu,gm: " émy )Ir’y"luEmz}"l?smz) _ y_-_uEntiufmz " my g

mg Y mg Y By Mo S Tmy Ty ey Ymg
» €m; = 1. Hence the elements in £ are of the form
® y_Lufer T ;-lf,f;;'i Ly

Cn €Z™, Uy €Ky, v, €K,
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Now if aESs, then from (2),
— a—L fmy g S, Fimyg oy Sirip
=Y Uy o Uy "YU 0 By

this implies that x = va € K3vK, since
Up, €K} and v, €K, a contradiction,

—_~

Therefore v £ 5. Since Z is a finitely generated
abelian group there exists M < Z such that
a & SM. Note that for suitably large 1z, Z™ < IJ
But from (1), we have @ = _}-’yl’ll—m}fvm(?m and

hence @ € 53 a contradiction. The proof is now
completed.

Lemma 3.2.

[11, Lemma 3.1] Let H be a finitely generated group
and S <Az H. Then there exists Fir(5) ©8 such
that fyCs) is a characteristic subgroup of finite
index in H.

Theorem 3.3.

Let i be an extension of a finitely generated
nilpotent-by-finite group I1. Suppose =, v U 7 and
I¢y, I3 are subgroups of 1. If + ¢ K 1V Ka, then
there exists N < H such that N = G and
X €& KivE,N.

Proof. Let M « » H such that M is finitely generated
nilpotent. Since / is finitely generated, by Lemma
3.2, there exists f; (M) € M such that fu(M) is a

characteristic subgroup of finite index in H.
Therefore  f;(M) <& and fy(M) is finitely

generated nilpotent. So we may assume M == (; and
M is finitely generated nilpotent.

Let {u.l,uz, ...,ukl} be a complete set of left coset
representatives of x, n M in K and {-vl,vz, ey Vi, j
be a complete set of right coset representatives of
Ky N M in K. Note that
X Ew (K nM)v(K, n Mwv;) for 1<i =<k, and
1 = j = k;. By Theorem 3.1, there exists Ny < M
such that N <G and
w; v € (Ky N M)y (K, N M)N, " Let
N = ﬂi,jN,-j . Then g < H and N <G If
x EK yK,N,, then x = uyr mod N for some
u €Ky andvek, Butw = u;u' and v = v'y
for some w' €Kk, nM and v' € K, N M. This
implies that x = ;2" yv' v; mod N or equivalent to
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'u!-_lx'uj_l = (Kl N M)}'(Kz n M)NU’ a
contradiction. The proof is completed.

Corollary 3.4.
Let H be a finite extension of a finitely generated
nilpotent group. Then T is double coset separable.

Proof. Put G — II in Theorem 3.3.
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