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Abstract: A t-adic non-adjacent form (TNAF) of an element a of the ring Z(t) is an expansion whereby the digits are generated by
iteratively dividing a by 7, allowing the remainders of —1, 0 or 1. The application of TNAF as a multiplier of scalar multiplication (SM) on

the Koblitz curve plays a key role in Elliptical Curve Cryptography (ECC). There are several patterns of TNAF () expansion in the form of
[co,0, -..,0,¢;-1], [€o,0, e, €1, 0,0, 6-1], 2+ 2k, 3+ 4k, 5+ 4k and 8k, + 8k, that have been produced in prior work in the
2

literature. However, the construction of their properties based upon pyramid number formulas such as Nichomacus’s theorem and
Faulhaber’s formula remains to be rather complex. In this work, we derive such types of TNAF in a more concise manner by applying the

power of Frobenius map (t™) based on v-simplex and arithmetic sequences.

Keywords: Non adjacent form, Koblitz curve, scalar multiplication.

1. Introduction

Koblitz curves are a special type of curve for which the
Frobenius endomorphism can be applied to enhance its
performance of computing SM (Koblitz, 1992) in ECC. It is
defined over Fym as Eg:y?>+xy=x3+ax?+ 1. The
Frobenius map 7T:Ey (Fym) > E,(Fym) is defined by
7(x,y) = (x%,¥?) and t(0) = o, where o represents a
point at infinity. Therefore, it satisfies the roots of the
t+V=7 .

2

polynomial 2 —tt + 2. Since T = is a quadratic

integer, the set Z(t) ={r+st| r,s € Z} forms a ring
(Heuberger & Krenn, 2013b). Suppose P and Q are points on
a Koblitz curve. SM is m multiple repetitions of a point on the
curve, and is denoted as nP =P + P + ---+ P, such that
nP = Q.

Solinas (1997) introduced a multiplier of SM in the form
of TNAF on a Koblitz curve to reduce SM costs. TNAF of
nonzero a = 1 + st in Z(T) can be written as TNAF (a) =
Yt c;ti wherec; € {—1,0,1}and c;ci4q = 0.1f ;4 # 0,
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then lis assumed to be the length of TNAF. This a is divisible
by T iff r is even. That is, %= (s+%r) —g‘t, where t =
(=1)1"%fora € {0,1}. If ais not divisible by T (i.e., ris odd),
then the remainder is chosen to be either 1 or —1. The
coefficients ¢; of TNAF are generated successively by dividing
«a with T until r and s are equal to 0. Since ¢; ¢j+1 = 0, the
next coefficient (c;4+1) of TNAF expansion after ¢; must be 0.
Furthermore, it has a unique digit representation and the
average density of nonzero digits in the expansion is

approximately % The following examples describe the

division process of TNAF (1 — 27).

Example 1.

Here we considern =1 — 27 and T = 1 — 7T represent
the conjugate of t. Firstly, consider the elliptic curve E;
where a = 1.Therefore, t-T=—1?+1 =(—-Tt+2)+ 1=
2 is shown. Next, the following steps are applied for finding
TNAF (n).

Step 1: Since 1 — 2t is indivisible by 7, we choose ¢ = 1.

That is, 12l o, Thus, TNAF(n) =

T
[1,¢q4,€q, ...,€1—2, €;_1]- The next coefficient (c1) must be 0.

Step 2: Since —2 is divisible by 7, then ¢; = 0. That is, _72 =

-2 T

— == —1+17.Thus, TNAF(n) = [1,0,c3, ...,C;_2,C;_1]-

T T
Step 3: Since —1 + 7 is indivisible by T, we choose ¢; = 1.
That is, Thtet o Thus, TNAF(n) =

T
[1, 0,1, C3,C4,...,C1_2, cl—l]-

Step 4: Since T is divisible by T (i.e., E = 1), then ¢3 is 0 and
TNAF(n) =[1,0,1,0,cy, ...,C;_2,€C;_1]-
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Step 5: Since 1 is indivisible by , we choose ¢4 = 1. That is,
0
-=0.

T

Lastly, TNAF(n) = [1,0,1,0,1] =1 + 72 + 7*.

For this example, we utilized a point P in the form of
polynomial basis which satisfies E;{. By choosing a certain
irreducible polynomial, we can obtain the output of SM in the
form of Q.

Solinas (2000) also considered other properties of TNAF.
That is, « is divisible by 2 iff r = 2s (mod 4). For length
l(ax) > 30 then log, N(a) — 0.55 <l (a) <
log, N(a) +3.52, where N(a)=71?+trs+2s> s
denoted as a norm of a. Besides that, he developed among
the most efficient algorithms for converting TNAF in the form
of r + st into Y!Z3 c;7! as follows. This can eliminate the
elliptic doublings in SM, and increase the number of addition
operations.

Algorithm 1.1. (Converting 1 + sT to Yizd¢; T9)
Input: integersr,s
Output: TNAF (T + sT)
Computation:
1. co«<T1,CL< S
S <[]
While cg # Oorcy # 0
If ¢y odd then
ue 2—(cog—2cqy mod4)
Co— Cp—u
Else
u< 20
Prependuto S
(co.c) = (ex+ P=P
11. End While
12. Output S

© % NOUAWN

~
S}

The detailed algorithm for SM of nP where n is in the
form of TNAF (r + st) can be referred to in Algorithm 3 (see
Solinas, 2000). Other concepts of TNAF for SM have also
been investigated in prior research (Avanzi et al., 2007, 2011;
Blake et al., 2008; Heuberger, 2010; Hakuta et al., 2010;
Heuberger & Krenn, 2013a; Yunos & Atan, 2016; Yunos &
Suberi, 2018.) on Koblitz curves as well as the other types of
curves.

Yunos et al. (2014) introduced 7 in the expression in the
form of Tt = b; t' + a;t'*' t, where ag =0, by =1, a; =
a;,_1+b;_q1and b; = —2a;_4 fori > 0. Itis based on the
Lucas sequence and is useful to accelerate the process of
transforming TNAF in the form of Y!Z3 ¢; ! intor + st with
r=Y3¢; b;t! and s=Yldc;a; "1 (Yunos et al,
20154, b, c).

Based on their theory, we rewrite the conversion process
developed by Suberi et al. (2018) as follows: List all the
patterns of TNAF(4) = [¢,, 0, ...,0,¢;_1] (see Tables 1 and

2) and TNAF(B) = [cy,0, ...,Ci-1, ...,0,¢c1_1] for
2

10

Co,C-1,€;_1 € {—1,1} (see Table 3) and describe the
2

properties of TNAF with the least number of nonzero
coefficients, as in Proposition 1.1.

Algorithm 1.2. (Converting Y23 ¢; i to r + sT)

Input: coefficient c¢; fori =0,1,2,...,l—1 and trace t =
(=112 for a € {0,1}.

Output: r + ST

Computation:

1. ag«< 0,byg<1
Forifroml1tol—1do
a;—a;1+b;q
b; « —2a; 4
gi < a;t’
hi - biti+1
End do

T <«

NSO L hAWN

-1
i=o Cih;
. se Yitheig
10. Return to (r,s)

© %

Proposition 1.1. Let, ag = 0 and by = 1. If Tt = b; t' +

a; t”l‘tfor a,=a;_1+ bi—l , bi = —Zai_1 andt e
{—1,1} then
(i) TNAF(co + ¢;—1 T°1) = (co +

b 7)) + (e a g t)T
forcg,c;—1 €{—1,1}andl = 3.

(ii) TNAF(+(1+ Tz 4+t D=1 (( 1+

a;_q tl) T>

forl =3+ 2n withn € N.
The following is an example for Proposition 1.1.

Example 2.

TNAF  ([1,0,0,0,0,0,1]) =z +1in Table 1 and
TNAF ([—1,0,0,0,0,0,1]) = —z% + 1 in Table 2 can be
written as 3 + 57 and 1 + 57 respectively. The converting
process uses Proposition 1.1 (i) and each expansion has a
density of 2/7. Meanwhile, TNAF([1,0,0,1,0,0,1]) =
7% + 73 + 1 in Table 3 can be transformed into 1 + 4t by
using Proposition 1.1 (ii) and its density 3/7.

Yunos et al. (2019) proposes other patterns of TNAF
expression (see Table 4) in the form of TNAF(C) =
[0,¢q,...,c;—1 ], TNAF(D) = [—-1,¢q, ..., C1—1],

TNAF(E) = [1,¢4, ..., €1-1] TNAF(F) =
[0,0,0,c3,c4,...,c;_1], which occur between integer y

and

from 1 to 21, which use Algorithm 1.1 for converting
Y into TNAF(y) (or alternatively, use Algorithm 1.2 for
converting TNAF(y) into y).
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Table 1. TNAF(A) with ¢y, ;1 = +1andc¢;=0fori=1,2,..,1 — 2 withitsr + st andlength, 3 <1 < 15.

TNAF(A) r+sT l TNAF(A) r+ st l
+[1,0,1] +(—1+1) 3 +[1,0,0,0,0,0,0,0,0,1] +(7 —177) 10
+[1,0,0,1] +(-1—1) 4 +[1,0,0,0,0,0,0,0,0,0,1] +(35—117) 11
+[1,0,0,0,1] +(3 —31) 5 +[1,0,0,0,0,0,0,0,0,0,0,1] +(23 + 2371) 12
+[1,0,0,0,0,1] +(7 —1) 6 +[1,0,0,0,0,0,0,0,0,0,0,0,1] +(—45 13
+ 457)
+[1,0,0,0,0,0,1] +(3 + 57) 7 +[1,0,0,0,0,0,0,0,0,0,0,0,0,1] +(—89 — 1) 14
+[1,0,0,0,0,0,0,1 +(—9+ 71) 8 +([1,0,0,0,0,0,0,0,0,0,0,0,0,0,1] +(3 —9117) 15

+[1,0,0,0,0,0,0,0,1] +(—13 —317)

o

Table 2. TNAF(A) with ¢y = ¥1,¢;_y =+1andc¢;=0fori =1,2,..,l —2 withits r + st andlength, 3 <[ < 15.

TNAF(A) r+sT l TNAF(A) r+ st l
+[—1,0,1] +(-3+1) 3 +[-1,0,0,0,0,0,0,0,0,1] +(5 10
—1771)
+[-1,0,0,1] t(-3-1) 4 +[—1,0,0,0,0,0,0,0,0,0,1] +(33 11
—117)
+[-1,0,0,0,1] +(1 -37) 5 +[-1,0,0,0,0,0,0,0,0,0,0,1] +(21 12
+ 2371)
+[-1,0,0,0,0,1] +(5-1) 6 +[-1,0,0,0,0,0,0,0,0,0,0,0,1] +(—47 13
+ 457)
+[-1,0,0,0,0,0,1] +(1 + 57) 7 +[-1,0,0,0,0,0,0,0,0,0,0,0,0,1] +(-91 14
-7)
+[-1,0,0,0,0,0,0,1] +(—11 8 +[-1,0,0,0,0,0,0,0,0,0,0,0,0,0,1] +(181 15
+771) — 897)
+[-1,0,0,0,0,0,0,0,1] +(—15 9
— 37)

Table 3. TNAF(B) with ¢y, ci-1,¢,-1y = *1and¢; = 0,i = 1,2,...,1 — 2 withitsr + st and length,l = 5,7,9, ..., 21.
2

TNAF(B) T + ST l
+[1,0,1,0,1] +(1 —217) 5
+[1,0,0,1,0,0,1] +(1 + 471) 7
+[1,0,0,0,1,0,0,0,1] +(—11—617) 9
+[1,0,0,0,0,1,0,0,0,0, 1] +(41 —127) 11
+[1,0,0,0,0,0,1,0,0,0,0,0,1] +(—43 + 5071) 13
+[1,0,0,0,0,0,0,1,0,0,0,0,0,0,1] +(—7 — 841) 15
+[1,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,1] +(165 + 907) 17
+[1,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,1] +(—535 + 6871) 19
+[1,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,1] +(949 — 6367) 21

Table 4. TNAF(y) for integer 1 < ¥y < 21 and its HW and length (1).

Y TNAF(y) HW l Yy TNAF(y) HW l
1 [1] 1 1 12 [0,0,—1,0,—1,0,—1,0,—1] 4 9
2 [0,—1,0,—1] 2 4 13 [1,0,—-1,0,—-1,0,—1,0,—1] 5 9
3 [-1,0,1,0,0,—1] 3 6 14 [0,1,0,—-1,0,0,—-1,0,—-1] 4 9
4 [0,0,1,0,0,1] 2 6 15 [-1,0,0,0,1,0,0,0,—1] 3 9
5 [1,0,1,0,0,1] 3 6 16 [0,0,0,0,1,0,0,0,—1] 2 9
6 [0,1,0,0,0,1] 2 6 17 [1,0,0,0,1,0,0,0,—1] 3 9
7 [-1,0,0,—1,0,1] 3 6 18 [0,—-1,0,1,0,1,0,0,—1] 4 9
8 [0,0,0,—1,0,1] 2 6 19 [-1,0,1,0,—-1,0,0,1,0,0,1] 5 11
9 [1,0,0,—1,0,1] 3 6 20 [0,0,1,0,—1,0,0,1,0,0,1] 4 11
10 [0,-1,0,0,—1,0,—1,0,—-1] 4 9 21 [10,1,0,—-1,0,0,1,0,0,1] 5 11
11 [-1,0,—-1,0,—1,0,—1,0,—1] 5 9
11 DOI: https://doi.org/10.22452/mjs.sp2022n01.2
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Hamming Weight (HW) in Table 4 is defined as the
number of nonzero coefficients in the expression of an
element in Z(t) (Solinas, 2000; Yunos & Atan, 2013). The
following proposition illustrates the pattern of all TNAF (y) in
this table, where y in terms of 2+ 2k, 3+4k,

5+ 4k and 8k1 +8k2

Proposition 1.2.
Let k be any integer, k4, k, € N and c,- € {—1,0,1}. Then,
(i) TNAF(2 +2k) = YlZic; Tl
(i) TNAF(3 +4k)=-1+ Y21 c,
(i) TNAF(5 +4k) =1+ YZlcit
(iv) TNAF(8k, + 8k,) = Yizlc; Tl
This study then determines the actual formula for TNAF of A-
Fin the form of r 4+ st. Hadani et al. (2019a, b) resolved this

issue by applying T =-28,,_1+SnTt for s, =
m (_Z)i—ltm—2i+1 2i-2 ;
=1 — g 1lj=i"(m — j) as follows.

Proposition 1.3.
If T = =281+ ST

for
[175%(m — j) and t € {—1,1}, then

Sm =

m (_Z)i—ltm—2i+1

i=1 (i-D)!

(i) TNAF(cg+ cj_qti™ 1) = (co —-2¢14 (1 +

Zl 2 ( 2)1 1tl

O 2(1—2—j)))+

2 ,
cat(t+31 E )1), 24— 1-5))
forcg,c;_1 € {—1, 1}andl = 3.

(i) TNAF(+ (1 T rH)) =+[1-2(em +

2 i—14n+1
S, T - D) -
21211;1( 2)1)' HZ: 2(2n+ 1-— ])) (tn +
le+2n( 2)1)' 1—[21 2(1+n D+t+

le+22n( 2)i- o 1—[2; 2(2 4+ 29 — ])) ]

for 1= 3 + 2m with integern = 2.

2(1+

Proposition 1.4.
Let k be any integer, kq, k, €N andc,, € {—1,0,1}. If
T = =281+ ST for Sm =

i-1ym—2i+1
m 7( D 125%(m — j), then

i=1 —1)!
()  TNAF(2+2k) = —2%52 cpt™ (1+
HZ[ Z(m —1— ]))

Ty ent™ (1 4+ X0, SRS 0m - )

m— 1( 2)
h4iia Y

(i) TNAF(3+4k)=-1-2351 ct™(1+

ot C2 2 — 1 - )

-1)!

12

+T T cpt™ il (1+2 1‘[2‘ 2(m —

»)-

(iii) TNAF(5 + 4k) =1 - 2351 ¢, t™ (1 +
(-2)i-1
o % m — 1 - 1))

tryh e t™ (1 +ym, (l 1)' H,Z' Z(m —j)).

(iv) TNAF(8ky + 8ky) = 2351 ¢ t™ (1 4+
1D iz
ot C2 T - 1 - 1))

t‘tzl 13 Cp t™ (1 + 2,

i=2 (l 1)|

(l 1), TT2(m - »)-
However, the construction of s, in Propositions 1.3 and
1.4 are still rather complex. They are based upon the pyramid
number formula, Nichomacus’s theorem and Faulhaber’s
formula, as described by Hadani and Yunos (2018). The
primary objective of this research is to derive TNAF of A-F in
a more concise form by applying T = —28,,_1 + ST,
lm—“J i—1(m—1 L
where s,, = t™*1 i =2y 1(i— 1), which is based
on v-simplex and arithmetic sequences. The detailed
development of s,,, can be obtained in Yunos et al. (2021).
This paper is structured as follows. In this section, we give
some properties describing the patterns for TNAF of A - F (see
Propositions 1.1-1.4) produced by previous researchers. In
the next section, we describe the preliminaries of this study.
In Section 3, we discuss how to improve Propositions 1.3 and
1.4 using a new approach, which is the main objective of this
research, and describe its advantages in cryptosystems. The
final chapter concludes.

2. Preliminaries

The following are propositions and algorithms that were
used throughout this study.

Proposition 2.1. (Hadani et al., 2019a)
Given T™ = r,, + S,, T an element of Z(t) for m € Z".

letsy =1and s, =t If f; = ((12)1)1 [125:2(m — j) for

2<i<™ oand m=2i—-1  then sy =
mt1 _

2!:21 | fi, t" 2%t with  f,, =1 and m= 3.

Subsequently, 1, = —28;,_1.

Yunos et al. (2021) described an argument that f; =
(=2)1 212 _ovk-1 (M —k
D! [[;Z:°(m —j) is equal to By, = (—2) (k— 1)
for m = 2. This new approach reduced the complexity of
formula s,, in Proposition 2.1, and obtained a more practical
formula for T™. That is,

™ = 28,1 + SpT= —2 Z[E_I Bk, tT+

k=1
ZL=T1J B mtm+1 (1)

DOI: https://doi.org/10.22452/mjs.sp2022n01.2
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The first application of using this result is TNAF (a) in the

-1

form of r + st can be obtained from }.;,,Z¢ ¢, T" , and its

algorithm is developed as follows:

Algorlthm 2.2. Converting
l., 2021)

Input: t— (1)t

{-1,0,1} form=0,1,...,

Output: T + sT

Ll Cm T™ toT + ST (Yunos et

for a € {0,1}, all coefficients c¢,, €
l1-1.

Computation:

1. Form fromOto 1do

2. dpyp <™

3. Enddo

4. Formfrom2tol—1do

5 b3l gme 175

6. T tmYm %

+1 (=2)k* an-k)!
7. Sme th Zk 1 (k-1)!(m—-2k+1)!

8 dy« 1y +suT

9. Enddo

10.r+ st < Y51 cmdm
Therefore, it is easy to get back, for example: 1 —
27 from 1+ 12 + t* (refer to the reverse calculation in

Example 1). Besides that, transforming (pg + p1T) - __11 to

r + st where T, based on Equation (1), is more efficient
than applying the Lucas sequence. Therefore, this can

enhance the performance of the conversion process as
. . m_q .
required in TNAF of n modulo (pg + p1T) TTT prior to doing

SM. Meanwhile, the second advantage of using Equation (1)
is given in the following section.

3. Result

The following theorems improve the formulas for TNAF
expansions of type A-F that were mentioned in Propositions
1.3and 1.4.
Theorem 3.1.

If ™ =-28Sp_1+SmT for s, =
m+1

Yra J Bk, t™*1, then

(i) TNAF(co + ¢;-17'"1) = (co — 2¢;-151-2) +
C1-151-1T

for ¢g,c;—1 € {—1,1}and l = 3.
-1

(i) TNAF(+(1+77 +771)) = +[(1 - 2(s, +
San+1)) + (Sye1 + 32n+2)1’]

forl = 3 + 2n with integer n = 2.

Proof.

m+1
Let T™ = —2s,,_1 + ;T With s, = Zszlj B, t™.
(i) Byconsideringm =1—1forl > 3, we obtain
co+cqT ™t = o+ €11 (=25,2 + 5147) = (¢o —
2¢-181-2) + €151 T

13

(ii) Suppose Il =3 + 2n for integern =2, thus l—1=

2+2nand = =1+7.
-1
Now, + (1 +712 + ‘r"l) = +[1 + 717 4 ¢2+2n]

== [(1 + (=28, + 5149T) + (252541 + Sz+2,1‘t))]

= +[(1 - 25, — 252541) + (S14 + S2429)7].

This completes the proof.

Theorem 3.2. Let k be any integer, k4, k; € N, and c,,, €
{-1,0,1}. If ™ =-28p_1+spt for s, =

m+1

Tl 1] B, t™*1, then
(i) TNAF (2 + 2k) = —ZZm 1Cm Sm-1 +er 1Cm Sm-
(i) TNAF(3+4k)=-1-23Y51 cpSmoq +
sz 1CmSm-
(i) TNAF(5+4k)=1—-23Y51 ¢S +

TZm 1CmSm-

—ZZm 3Cm Sm— 1+TZm 3Cm Sm-

Proof.

=
Let T™ = —28p,_1 + SpT With s, = X, 27 By, t™1.
(i) By using Proposition 1.2 (i), we have

TNAF(2 +2k) =Y et = =235 Y cuSm-1 +
XL e Sme

(i) By using Proposition 1.2 (ii), we have

TNAF(3 +4k) =-1+ m lem T

=(-1-2%5 Y cmSm-1) + TX52 Cm S

(iii) By using Proposition 1.2 (iii), we have
TNAF(5 +4k) =1+ Y0 ¢ T™

=(1-232 cmSm-1) +TE5 L S

(iv) By using Proposition 1.2 (iv) we have
TNAF(8ky + 8ky) = Y st = —2 35 L Con Sy +
¥ o S -

This completes the proof.

Consequently, we can create another algorithm that has
a similar performance to the running process with Algorithm
2.2 for converting TNAF (for example of types A and E) in the
form of Zm 1Cm T™ tor + st (refer to the formulas of rand
sinTheorem 3.1 part (i) and Theorem 3.2 part (iii)) as follows:

Algorithm 3.1.

Input:  t<« (—1)'"%for a € {0,1}, all coefficients c,, €
{-1,0,1} form=1,...,1—-1

Output: T + ST

Computation:
Formfromltol—1do
2. b5 gm e 175
mxhm (2K n-1-k)!
3 Tt Zk=1 (k—1)! (m—2k)!

m+1 (=2)%"1 (m-k)!
Sme t Zk 1 (k-1)(m—-2k+1)!

End do
r—1-— ZZm 1 CmSm-1

S < Zm 1 CmSm

NS A
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8. Return(r,s)

Besides, Figure Al illustrates this algorithm by applying
Maple programming with a computer with an Intel(R) Core
(TM) i7 processor, 8 GB RAM and a 64-bit operating system.
This result is also an extension of a prior study (Suberi et al.,
2016; Yunos & Suberi, 2018) to scrutinize the property of
unsecure keys prior to doing SM on Koblitz Curves. Algorithm
3.1 helps Alice to list down some patterns of unsecure keys
and acts as a multiplier of SM before sending a cypher text
(Q) to Bob. The following example is an impact of being able
to identify a plain text (P) by choosing some value of
r + st and their TNAF and Q.

TNAF r+ ST Q =nP
[1,0,1] -1+t (x?*+x+1,0)
[1,0,0,1] —-1-1 x+1,x+1)

[1,0,0,0,1] 3-3t (x+1,0)
[1,0,0,0,0,1] 7—-T x*+x+1,0)

Although Alice sends different values of Q to Bob with
different multipliers of P,
the third parties attack P = (x,x%> +1) easily.
Therefore, such keys need to be avoided in real-world
scenarios of cryptosystems.

can

5. Conclusion

In this work, we derive TNAF of types A-F in more concise
forms by applying Equation (1), which is based on v-simplex
and arithmetic sequences. This research can be extended by
looking at the nature of such patterns such that TNAF has a
low-density. Besides, their possible attacks by third parties
need to be explored when implementing such kinds of
expansions as secret keys.
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Appendix

> q::=1 ¢c:=1[10 000 0 1) #nputa either0orl
[ =

= nops(c) #ength of ¢
¢ =array(0..1 — 1, ¢), #need to used array since maple cannot read ¢[ 0] directly from inpu
t=(-1)' "% s[0] =0;

Jormfrom1tol — 1 do

glm] -'=ﬂoor( A ) nim) -‘=ﬂoor(%}.

- ,i‘,' _ AN
Alm) k

'2) (i’f’.‘ -1 - k)." '12”
=g (k=1)!-(m =2k)!

k—1
o (-2) (m —Fk)! . .
s[m] =t (1 +add( (i —1)/-(m —2-k+]].”k 2..g[m]JJ,

, kZ.h[mj] };

Hrlm]=

elm] ( 2);\.,;
fstm] = ,‘g (k—1)/-(m—2% +1)!
end do;
g:=1—2-add(c[m].(s[m —1]),m=1..1-1);

r=add(c|m]-s|lm], m=1.1-—1);
#assume g +hT=r+st since maple cannot read the repeated used of v and s.|

. — -\ !
(m —k). -fm%],Sj:]and s, =1

Figure Al. Programming for Algorithm 3.1 by Using Maple
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